
CS281 Spring 2010: Homework 5
Due Wednesday, May 19th – SOLUTIONS

1. (10 points)
Using the Padding Lemma show that

NSpace(n8) ( NSpace(n9)

Reasoning. The idea is to use the translation lemma together with Sav-
itch’s theorem and the deterministic space hierarchy theorem to derive a
contradiction if NSpace(n9) ⊂ NSpace(n8).

More specifically, we want to use the translation lemma to widen the gap
between the exponents of n in a subset and a superset. In fact our goal
is for this gap to be such that the double of the lower exponent is smaller
than the higher exponent (as we will apply Savitch). Since we must work
with space constructible functions to apply the translation lemma it is
convenient to stick with polynomials (of exponent 8 and up, which ensures
nestedness) and build an ever-increasing gap between powers of n until we
accomplish our goal.

Sol’n. SupposeNSpace(n9) ⊂ NSpace(n8). Then the translation lemma
says NSpace(f(n9)) ⊂ NSpace(f(n8)) for any space constructible, super-
linear f .

Using f(n) = n8 we have NSpace(n72) ⊂ NSpace(n64).
Using f(n) = n9 we have NSpace(n81) ⊂ NSpace(n72).
Using f(n) = n10 we have NSpace(n90) ⊂ NSpace(n80).
Using f(n) = n11 we have NSpace(n99) ⊂ NSpace(n88).
Using f(n) = n12 we have NSpace(n108) ⊂ NSpace(n96).
Using f(n) = n13 we have NSpace(n117) ⊂ NSpace(n104).
Using f(n) = n14 we have NSpace(n126) ⊂ NSpace(n112).
Using f(n) = n15 we have NSpace(n135) ⊂ NSpace(n120).

Combining these gives NSpace(n135) ⊂ NSpace(n64).

Therefore,

NSpace(n135) ⊂ NSpace(n64) ⊂ DSpace(n128) (Savitch)

( DSpace(n135) (det. space hierarchy)

⊂ NSpace(n135),

a contradiction.

2. (10 Points)
Suppose there is an NP Complete problem that takes timeO(nlog2 n). Note
that this function lies between the polynomials and the exponentials, and
is in neither class of functions. What could we say about the running time
of any problem in NP?



Sol’n. For each language L in NP there exists a poly-time reduction
to the given (NP Complete) language L0, say. Suppose this reduction is
time bounded by the polynomial p(n). Then given an instance x for L
we may compute an instance y for L0 in time at most p(|x|). Therefore
|y| ≤ p(|x|) since we cannot write a longer string in this time. And now,
the time taken to decide if y ∈ L0 is O(p(|x|)log2 p(|x|)). We have y ∈ L0

iff x ∈ L so this will also decide our original problem. Total time taken is

p(|x|) +O(p(|x|)log2 p(|x|)) = O(p(|x|)log2 p(|x|))

= O(|x|k)k log2(|x|)+c) where p(x) = O(xk)

= |x|O(log2(|x|)).

We conclude that any problem in NP would have running time nO(log2 n).

3. (20 Points)
Show that the class of languages P is closed under the following opera-
tions:
a) Reversal
b) Concatenation
c) Kleene Star
d) Complementation

Sol’n. For (a), we may reverse the input string in linear time and then
use the TM that decides the original language.

For (b), on input x of size n, we may try all n+ 1 possible decompositions
of x as a concatenation στ and run the orignal TM on each of σ and τ .
We accept iff at least one decomposition makes the original TM accept
both σ and τ . Time taken is 2n times original (polynomial) time, hence
polynomial.

For (c), use dynamic programming and a similar idea to (b).

For (d), run the original TM and accept iff it rejects.


