Proofread (5-4-2005)

CMSC 27400-1/37200-1 Combinatorics and Probability Spring 2005
Lecture 15: May 2, 2005
Instructor: Ldszlo Babai Scribe: Hariharan Narayanan

NOTE: Change in Monday's TA schedule; no change Tuesday and Thursday.

TA SCHEDULE: TA sessions are held in Ryerson-255, Monday, Tuesday and Thursday
5:30-6:30pm.

INSTRUCTOR'S EMAIL: laci@cs.uchicago.edu

TA's EMAIL: hari@cs.uchicago.edu, raghav@cs.uchicago.edu

Variance and Covariance

Definition 15.1 Let X4,..., X} : Q—R be random variables on the same probability space
(Q, P). (X1,...,Xy) are independent if Va1, ...,z € R,

PIXy =u1,..., X =z = [ [ PIX: = =]

Definition 15.2 Fvents Ay, ..., Ay are independent if their indicator variables are indepen-
dent.

Exercise 15.3 Prove that this definition is equivalent to the definition in the handout.
Theorem 15.4 If Xy,..., X}, are independent random variables then E(Hf:1 X;) = Hle E(X;).

Exercise 15.5 (a) Construct random variables X, Y such that E(XY) = E(X)E(Y), but
X and Y are not independent. Do this with |Q] = 3.
(b) If || =2, then E(XY) = E(X)E(Y) = X,Y independent.

Definition 15.6 The covariance of X and Y is cov(X,Y) = E(XY) - E(X)E(Y).

Definition 15.7 XY are positively correlated if cov(X,Y) > 0; negatively correlated if
cov(X,Y) < 0, and uncorrelated if cov(X,Y) = 0.

Definition 15.8 The variance of X, var(X) = E((X — E(X))?).
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Theorem 15.9 (Markov’s inequality) If X > 0 (non-negative random variable), then
(Va > 0)P(X >a) < E(X)/a.

Definition 15.10 Standard deviation o(X) := /var(X).

Theorem 15.11 (Chebychev’s inequality)

PX - E(X)| 2 a) <

Proof: YV = (X — E(X))? > 0. E(Y) = var(X). P(|X — E(X)| > a) = P(Y > a*) <
E(Y)/a?. O

Definition 15.12 Bernoulli trials have two outcomes - “H” with probability p and “T” with
probability 1 — p.  The probability that out of n independent trials, there are k heads is
(})p*(1 — p)"~*. This distribution is called the binomial distribution.

Theorem 15.13 If X has the binomial distribution, E[X] = np.

Proof: X =Y, +---+Y, Y; = 1if the i' coin comes up Heads. F(Y;) = p. Therefore
B(X) = 5 B(Y;) = np. 0

Let Y be a bernoulli trial.
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var(Y) = E(Y?) — (E(Y))?
=p—>p
Suppose X =Y] +--- + Y,

var(X) = E((Y_¥)) — (B V)
= B ) YY) - () B

i=1 j=1

= 33 EYY) - BYVEW,))

i=1 j=1

Theorem 15.14

n n

var(X) = ZZCOUY,,Y]
i=1 j=1

= Zvar +QZCO’U 5 Y)

1<J
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Corollary 15.15 IfYi,...,Y, are pairwise independent, then var(} ;. Y;) = > ., var(Y;).
If X,, has the binomial distribution with parameters (n,p), var(X) = np(1 — p).

Theorem 15.16 (Weak Law of Large Numbers) (Ve > 0)lim, .. P(|X,,/n—p| > ¢€) =
0

Proof:
P(1X, — np| > ne) < 22X = m0p) — (1)

(ne)? n2e2

Experiment: n unbiased coin flips.

Let X be the number of runs of k heads. n = n(k). If %—wo, P(3run of k heads)—0,

since P(3run of k heads) < ”_2—”2“ Now assume %—wo.

Claim 15.17 Almost surely, there exists a run of k heads.

ie.P(X #0)—1
i.e.P(X =0)—0
P(X =0) < P(IX - E(X)| = E(X)) < %) O

Exercise 15.18 Prove if %—wo then var(X) = o( E(X)?).



