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1. Introduction

I n t h e pr og r a m m in g la n gu a ge M L , a f u n ct io n ca n be d e f in e d b y a se q u e n ce o f p a t t e r n -

e xp r e ssio n p a ir s, ca lle d rules. W h e n su ch a f u n ct io n is in vo k e d , it s a r gu m e n t is m a t ch e d a ga in st

t h e pa t t e r n s a n d t h e f ir st r u le wh os e p a t t e r n m a t ch e s is se le ct e d a n d it s e xp r e ssio n is e va lu a t ed . I f

n on e of t h e pa t t e r n s m a t ch t h e a r gu m e n t , a r u n -t im e e xce pt ion is ge n e r a t e d . A p a t t e r n is e it h e r

sim ple ( a va r ia b le or con st a n t ) , a t u p le o f p a t t e r n s, o r a con st r u ct or o pe r a t io n a p pli e d t o a tu pl e o f

pa t t e r n s. T h u s p a t t e r n s a r e t r e e -sh a pe d t e r m s. A n a r gu m e n t va lu e ca n a lso b e vie we d a s a t r e e -

sh a pe d t e r m f or m e d wit h con st r u ct o r s, t u ple s, a n d a t om ic va lu e s (i. e. va lu e s o f p r im it ive , a bst r a ct ,

or f u n ct ion a l t yp e s) . F u n ct ion a pp lica t io n t h e r e f o r e in vo lve s d e t e r m in in g wh ich of a se q u e n ce o f

pa t t e r n t r e e s m a t ch e s t h e give n a r gu m e n t t r e e . T h is pa pe r a d d r e sse s t h e p r ob le m o f com p ilin g

su ch se q u e n ce s o f pa t t e r n s in t o e f f icie n t pa t t e r n -m a t ch in g cod e . T h e go a l is t o m in im ize t he

n u m b e r of t e st s o r d iscr im in a t io n s t h a t h a ve t o be a pp lie d t o a n y give n a r gu m e n t t o d e te r m in e t h e

f ir st p a t t e r n it m a t ch e s.

O u r a pp r o a ch is t o t r a n sf o r m a se q u e n ce of pa t t e r n s in t o a d e cision t r e e , i. e. a t r e e wh ich

e n cod e s t h e p a t t e r n s a n d d e f in e s t h e or d e r in wh ich su bt e r m s o f a n y give n va lu e t e r m ha ve t o be

t e st e d a t r u n -t im e t o d e t e r m in e wh ich pa t t e r n m a t ch e s t h e va lu e . E a ch in t e r n a l n od e of a d e cision

t r e e cor r e sp on d s t o a m a t ch in g t e st a n d e a ch b r a n ch is la be le d wit h on e o f t h e p os sib le r e su lt s o f

t h e m a t ch in g t e st a n d wit h a list of t h e p a t t e r n s wh ich r e m a in p ot e n t ia l ca n d id a t e s in t h a t ca se . I t

is t h e n st r a igh t f o r wa r d t o t r a n sla t e t h e d e cision t r e e in t o cod e f or pa t t e r n m a t ch in g. D u r in g t h e

con st r u ct io n of a d e cision t r e e it is a lso e a sy t o d e t e r m in e wh e t h e r t h e p a t t e r n se t is ‘ ‘ ex h au st ive ’ ’ ,

m e a n in g e ve r y po ssib le a r gu m e n t va lu e m a t ch e s a t le a st on e p a t t e r n , a n d wh e t h e r t h e re a r e a n y

‘ ‘ r e d u n d a n t ’ ’ pa t t e r n s (i. e. pa t t e r n s t h a t a r e m a t ch e d on ly b y va lu e s t h a t a r e a lr e a d y m a t ch e d by

a n e a r lie r pa t t e r n ) . N o n e xh a u st ive d e f in it io n s a n d r e d u n d a n t pa t t e r n s a r e a n om a lie s t h a t ca n be
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u se f u lly r e po r t e d by t h e com pil e r .

O u r go a l in con st r u ct in g t h e d e cision t r e e is sim p ly t o m in im ize t h e t o t a l n u m be r o f t e st -

n od e s. T h is m in im ize s t h e size o f t h e ge n e r a t e d cod e a n d a lso ge n e r a lly m in im ize s t h e n u m b er of

t e st s p e r f o r m e d on va lu e t e r m s. H ow e ve r , we h a ve d iscove r e d t h a t f in d in g t h e d e cision t r e e wit h

t h e m in im u m n u m be r of n od e s is a n N P -com p le t e p r o ble m . T h is r e su lt is e st a b lish e d b y r e d uct io n

f r o m on e o f t h e t r ie in d e x con st r u ct io n p r o ble m s ( pr u n e d O -t r ie sp a ce m in im iza t io n ) , wh ich wa s

pr o ve d t o b e N P -com ple t e in [C o7 6, C S 77]. T h e r e f o r e , we d e ve lop e d a se t of e f f icie n t h e u r ist ics

t h a t in pr a ct ice p r o d u ce a n o pt im a l d e cision t r e e in a lm ost a ll ca se s.

T h e p r o ble m of st r in g m a t ch in g h a s b e e n t h o r ou gh ly st u d ie d a n d e f f icien t a lgo r it h m s h a ve

be e n d e ve lo pe d f or it ( [A C 75, BM 77]) . I n t h e ir wo r k o n t e r m -r e wr it in g la n gu a ge s [H O 79, H O 82a ,

H O 82b , O D 85], H of f m a n n a n d O ’ D o n n e ll h a ve ge n e r a lize d so m e of t h e se a lgo r it h m s t o tr e e p a t -

t e r n m a t ch in g. T h e ir go a l wa s t o f in d t h e po sit ion of a ll t h e su bt e r m s of a give n su b je ct t e rm t h a t

a r e m a t ch e d by on e o f a give n se t o f p a t t e r n s, u sin g t e ch n iq u e s t h a t ca n a ssim ila t e lo ca l ch a n ge s in

t h e va lu e t e r m wit h ou t h a vin g t o r e sca n t h e e n t ir e t r e e . I n [H O 82a , O D 85] a b ot t om -u p m e t h o d

wa s p r o po se d . I t is ba se d o n t h e id e a t h a t on e se a r ch e s f or t h e p os it io n o f a ll t h e su bt e r m s

m a t ch e d b y o n e of t h e give n p a t t e r n s. T wo ot h e r m e t h o d s we r e a lso pr op ose d : a t op -d ow n a lgo-

r it h m [H O 82a , O D 85] a n d a m e t h od ca lle d f la t t e n e d p a t t e r n m a t ch in g [O D 85], wh ich b ot h con -

sist e d in r e d u cin g t h e t r e e m a t ch in g p r o ble m t o st r in g m a t ch in g a n d t h e n u sin g t h e A h o- C o r a sick

[A C 75] st r in g m a t ch in g a lgo r it h m . T h e se t e ch n iq u e s t u r n ou t t o be in a p pr op r ia t e f o r t h e M L pa t -

t e r n m a t ch in g p r ob le m , wh ich in vo lve s f in d in g t h e f ir st pa t t e r n in t h e se q u e n ce wh ich m a t ch e s t h e

whole give n va lu e t e r m . R e d u cin g p a t t e r n m a t ch in g in M L t o st r in g m a t ch in g is n o t a go o d id e a in

ge n e r a l, sin ce t h e ov e r h e a d of t r a n sf o r m in g t h e t r e e st r u ct u r e d a r gu m e n t wo u ld be e xces sive . I t is

m u ch be t t e r t o wo r k d ir e ct ly wit h t h e e xist in g t r e e st r u ct u r e .

A u gu st sso n [A u 85] p r e se n t s a t e ch n iq u e f o r com pi lin g M L p a t t e r n m a t ch in g u se d in t h e L a zy

M L syst e m d e ve lo pe d a t G ot h e n b u r g. T h e ir a p pr oa ch m e r ge s t h e p a t t e r n s in t o a n e st e d ca se con -

st r u ct , wit h a n e st e d ca se f or e a ch le ve l o f st r u ct u r e in t h e pa t t e r n s. Beca u se t h e ir com p ile r u se s

la zy e va lu a t ion t h e y a r e r e st r ict e d t o con sid e r pa t t e r n com po n e n t s in a st r ict ly le f t -t o- r igh t or d er t o

pr e se r ve t e r m in a t io n p r o pe r t ie s of p r o gr a m s. T h is in vo lve s so m e b a ck t r a ck in g a n d r e d u nd a n t

e f f or t wh ich is a vo id e d by ou r t e ch n iq u e , be ca u se we a ssu m e ca ll-b y-va lu e a n d h a ve t h e f r e e d o m t o

e xa m in e com po n e n t s o f t h e a r gu m e n t in a n y or d e r . [C a 84] a llu d e s t o a n e a r lie r ve r sio n of o u r

a lgo r it h m f or pa t t e r n m a t ch in g in M L .

W e st a r t by d e scr ibin g t h e con t e xt in wh ich t r e e pa t t e r n m a t ch in g occu r s in M L a n d d e f in in g

po ssib le pr op e r t ie s o f se q u e n ces of pa t t e r n s. W e t h e n d e scr ib e t h e a b st r a ct syn t a x of pa t t e rn s a n d

va lu e t e r m s a n d sp e cify t h e m a t ch in g p r o ble m . N e xt , we d e scr ib e t h e so r t o f d e cision t r ee s we u se

a n d d e f in e wh a t we ca ll t h e dispatch ing pr o bl e m . S in ce it is N P -com pl e t e , we in t r o d u ce se ve r a l

h e u r ist ics t h a t pr ov id e a pr a ct ica l so lu t io n f o r t h e d isp a t ch in g p r o ble m .
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2. Patte rn matching in ML

M L is a f u n ct io n a l la n gu a ge in t h e we a k se n se t h a t f u n ct io n s a r e ‘ ‘ f ir st -cla ss’ ’ va lu e s a n d th e

ba sic u n it o f o r ga n iza t io n o f p r o gr a m s is t h e f u n ct ion ; it is n o t ‘ ‘ pu r e ly a p pl ica t ive ’ ’ b e ca u se it

in clu d e s a r e f e r e n ce con st r u ct a d m it t in g a ssign m e n t a s we ll a s e xcep t io n s wit h d yn a m ic h a n d le r s.

I n M L , a s in ot h e r f u n ct io n a l la n gu a ge s, a t yp ica l f u n ct ion a n a lyze s it s a r gu m e n t by r e cogn izin g it s

st r u ct u r e a n d br e a k in g it d ow n in t o com po n e n t s. T h is ca n be d o n e in t h e con ve n t io n a l wa y u sin g

con d it io n a l e xp r e ssio n s in con ju n ct io n wit h r e cogn ize r p r e d ica t e s (e. g. null) t o d iscr im in a t e be t we e n

ca se s a n d t h e n a pp lyin g se le ct o r f u n ct ion s (e. g. hd a n d tl) t o e xt r a ct com po n e n t s. I n M L o n e ca n

a lso d e f in e f u n ct io n s in clausal form, i. e. a s a se q u e n ce o f rules, e a ch o f wh ich h a s it s a sso cia t e d

a r gu m e n t pa t t e r n a n d b od y e xp r e ssio n , so m e wh a t in t h e st yle o f Pr ol og ( b u t wit h a n e n t ir ely d if -

f e r e n t se m a n t ics) . T h e se q u e n ce o f r u le s it se lf is ca lle d a match. I n t h is f o r m , p a t t e r n m a t ch in g is

u se d t o a n a lyze t h e a r gu m e n t , sim u lt a n e o u sly d iscr im in a t in g be t we e n ca se s a n d bi n d in g com -

po n e n t s t o va r ia ble s a pp e a r in g in t h e pa t t e r n . T h e se t wo f or m s of f u n ct io n d e f in it io n a re illu s-

t r a t e d b y t h e f oll ow in g e xa m ple s.1

Examp le 1

[1] fun diff (x, y) = if null x then y

else if null y then x

else diff (tl x, tl y) ;

[2] fun diff (nil, y) = y  ( 1)

diff (x, nil) = x  ( 2)

diff (cons(h dx, tlx), cons(h dy, tly)) = diff (tlx, tly); ( 3)

[1] a n d [2] a r e e q u iva le n t M L d e f in it io n s of a f u n ct io n diff wit h a n a r gu m e n t wh ich is a p a ir

of list s. [1] u se s t h e if -t h e n -e lse con st r u ct io n wh ile [2] is in cla u sa l f o r m . T h e m a t ch con t a in s

t h r e e pa t t e r n s wh ich cove r a ll t h e po ssib le a r gu m e n t s, i. e. t h e y a r e e xh a u st ive . ( 1) a n d ( 2) m a t ch

a ll t h e ca se s wh e r e a t le a st on e com p on e n t o f t h e p a ir is nil wh ile ( 3) m a t ch e s t h e r e m a in in g va lu e s

wh e r e b ot h com po n e n t s a r e n o n -n u ll a n d t h e r e f or e a r e t h e r e su lt o f con sin g a n ob je ct o n to a list .

M L a llow s n o n -e xh a u st ive m a t ch e s a t t h e r isk o f p os sib le r u n -t im e e xcep t io n s. N on -e xh a u st ive

m a t ch e s a pp e a r in t h e d e f in it io n o f f u n ct io n s wh ich a r e d e sign e d t o be a p pl ie d t o r e st r ict e d k in d s

of d a t a . F or e xa m p le , if on e e xp e ct s t h a t a f u n ct io n is t o b e a p plie d on ly t o n o n -n u ll list s, t h en

on e m igh t o m it t h e nil ca se in it s d e f in it ion .

Pa t t e r n s ( 1) a n d ( 2) a r e sa id t o b e non-disj oint or t o overlap be ca u se t h e r e is a t le a st on e po s-

sib le va lu e wh ich t h e y b ot h m a t ch , i. e. (nil, nil). M a t ch e s a r e o r d e r e d se q u e n ces o f r u le s, a n d t h e

or d e r in g o f t h e r u le s im p os e s a p r io r it y o r d e r in g a m o n g t h e ir r e sp e ct ive p a t t e r ns. T h u s, in d e f in i-

t ion [2], pa t t e r n ( 2) ca n be con sid e r e d t h e m a t ch in g pa t t e r n on ly f or a r gu m e n t s wh ich a r e n o t

1 hd a n d tl a r e t h e u su a l list se le ct or f u n ct ion s, a n a logo u s t o t h e L isp car a n d cdr fu n ct io n s. cons is t h e list con -
st r u ct or , a n a lo gou s t o t h e L isp cons. null is t h e u su a l pr e d ica t e r eco gn izin g t h e e m pt y list .
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m a t ch e d b y p a t t e r n ( 1) .

W h e n p a t t e r n ( 3) m a t ch e s a n a r gu m e n t , hdx a n d hdy bo t h ge t bo u n d t o a va lu e d u r in g t h e

m a t ch in g p r o cess , bu t t h os e va lu e s a r e n e ve r u se d . M L a llo ws u s t o a vo id in t r od u cin g su ch u se le ss

va r ia bl e s b y u sin g wildcard, d e n o t e d ‘ ‘_ ’ ’ . By d e f in it io n , wild ca r d m a t ch e s a n y va lu e . S o, r u le

( 3) in d e f in it io n [2] of diff cou ld be wr it t e n a s:

diff (cons(_, tlx), cons(_, tly)) = diff (tlx, tly); ( 3′ )

A s m e n t ion e d a bo ve , e ve n t h ou gh pa t t e r n s ca n ov e r la p t h e y sh ou ld be irredun dant i. e. , e a ch

pa t t e r n in a give n se q u e n ce m u st m a t ch so m e va lu e wh ich is n ot m a t ch e d b y so m e pa t t e r n e a r lie r

in t h e se q u e n ce. F o r e xa m ple , if a va r ia bl e o r wild ca r d is a p a t t e r n in a m a t ch , it h a s t o be t h e la st

on e o f t h e m a t ch , o t h e r wise a ll t h e f o llo win g pa t t e r n s wo u ld b e r e d u n d a n t . F in a lly, p a tt e r n s m u st

be linear, m e a n in g t h a t n o va r ia b le ca n o ccur m or e t h a n on ce in a p a t t e r n . N on lin e a r p a t t e r n s a r e

a sp e cia l ca se o f ‘ ‘ con d it ion a l pa t t e r n s’ ’ f o r wh ich t h e r e is a sid e con d it ion t h a t m u st b e sa t isf ie d

be f o r e t h e m a t ch is su ccessf u l. M L d oe s n ot su p po r t su ch con d it io n a l pa t t e r n s.

M L is a st r o n gly t yp e d la n gu a ge , a n d pa t t e r n m a t ch in g is in t im a t e ly con n e ct e d wit h t h e t yp e

syst e m . I n p a r t icu la r , pa t t e r n m a t ch in g is su p po r t e d b y ce r t a in t yp e s k n ow n a s concre te or data

t yp e s. T h e se t yp e s ge n e r a lize Pa sca l’ s va r ia n t r e cor d a n d e n u m e r a t io n t yp e s a s we ll a s Lisp ’ s d a t a -

t yp e o f list s. A con cr e t e t yp e is a d isjo in t u n io n o f t yp e s, po ssib ly r e cu r sive . A t yp ica l e xa m p le of

a n M L con cr e t e t yp e d e cla r a t ion is

datatype tree = nulltree  leaf of int  node of (tree * string * tree )

T h is d e f in e s a t yp e tree of b in a r y t r e e s wit h le a ve s h a vin g in t e ge r la be ls a n d in t e r io r n o d e s wit h

st r in g la b e ls. I t is a d isjo in t u n io n o f t h e t h r e e t yp e s unit2 , int, a n d tree * string * tree, a n d nulltree,

leaf, a n d node a r e ca lle d (data)constru ctors be ca u se t h e y con st r u ct t r e e va lu e s f r o m e le m e n t s o f t h e

com p on e n t t yp e s. T h e ir t yp e s a r e im plicit ly d e cla r e d a s p a r t of t h e d e cla r a t io n o f tree a s f ol low s:

nulltree : tree

leaf : int →tree

node : tree * string * tree →tree

T h e sp e cia l p r o pe r t y of d a t a con st r u ct or s is t h a t t h e va lu e s t h e y pr od u ce d o n o t r e d uce t o a n y

sim ple r f or m . F o r e xa m ple , a t r e e n o d e r e m a in s f or e ve r a t r e e n od e a n d it s t h r e e a rgu m e n t s or

com p on e n t s a r e u n iq u e ly d e t e r m in e d b y t h e n o d e va lu e . F u r t h e r m o r e , a n y va lu e o f t yp e t r e e m u st

h a ve be e n con st r u ct e d u sin g e xa ct ly o n e of t h e con st r u ct or s nulltree, leaf, or node. T h is m a k e s it

f e a sib le t o a n a lyze va lu e s o f t yp e t r e e by m a t ch in g a ga in st p a t t e r n t e r m s t h a t a r e a lso bu ilt u sin g

t h e se t h r e e con st r u ct or s. F or in st a n ce, in t h e scop e o f t h e a b ov e d e cla r a t io n we cou ld wr it e t h e

f ol low in g cla u sa l f u n ct ion d e f in it io n :

2 unit is t h e t r ivia l t ype con t a in in g on e com po n e n t . A n u lla r y con st r u ct or su ch a s nulltree m igh t be give n t h e t ype
unit →tree, bu t t h e con ven t ion is t o t r e a t it a s a con st a n t of t ype tree.
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fun depth nulltre e = 0 

depth(leafn) = 1 

depth(node (t 1, s, t 2) ) = 1 + max (depth t 1, depth t 2)

C o n cr e t e t yp e s a lso in clu d e n -a r y t yp e con st r u ct or s. T h e se a r e in t r od u ce d b y p a r a m e t e r ize d

d e f in it io n s su ch a s t h e f o llo win g d e f in it io n of list:3

datatype α list = nil  cons of (α * α list)

T h e u n a r y t yp e con st r u ct o r list t h u s d e f in e d ca n b e u se d t o con st r u ct list t yp e s lik e int list or

(bool * (int →stinglist ) ) list. T h e st r u ct u r e o f va lu e s o f su ch com po u n d t yp e s is d e t e r m in e d by t h e

t op -le ve l t yp e con st r u ct or , so a n y va lu e of t yp e τ list is con st r u ct e d b y nil or cons, n o m a t t e r wh a t

t yp e τ m a y b e . M L a llo ws polymo rphic t yp e s, wh ich a r e , r ou gh ly spe a k in g, t yp e sch e m a s wit h f r e e

t yp e va r ia ble s. T h e con st r u ct o r s a sso cia t e d wit h t yp e con st r u ct o r s a r e p ol ym or ph ic. F o r e xa m ple ,

nil : α list a n d cons : α * α list →α list. A t yp e wh ich d o e s n o t con t a in a n y t yp e va r ia bl e is sa id t o

be monom orphic ( e . g. int list) . R e p la cin g a t yp e va r ia b le in a po lym o r p h ic t yp e by a n y M L t yp e

pr o d u ces a n instance of t h a t t yp e . T h e or d e r in g ‘ ‘ is a n in st a n ce of ’ ’ , d e n o t e d ≤ wa s in t r od u ced in

[M i78]. F o r e xa m p le , int list ≤ α list. A po lym or ph ic va lu e ca n be u se d wit h a n y in st a n ce of it s

po lym or ph ic t yp e : e. g. cons ( 3, nil) : int list.

O t h e r t yp e s in M L in clu d e pr im it ive t yp e s lik e int, f u n ct io n a l t yp e s lik e int →int, a n d a bs t r a ct

t yp e s. S o f a r a s p a t t e r n m a t ch in g is con cer n e d t h e se t yp e s a r e a t o m ic o r u n st r u ct ur e d ; t h e ir va lu e s

ca n n ot b e a n a lyze d by pa t t e r n m a t ch in g a n d will o n ly m a t ch va r ia b le s or wild ca r d ( o r in t e ge r con -

st a n t s in t h e sp e cia l ca se of int) . W e will ca ll su ch va lu e s atomic.

3. Syntax of patterns and term s, matc hing crite rion and matching problem

Syntax of patterns and term s

W e con sid e r a so m e wh a t sim pl if ie d ve r sio n of t h e M L syn t a x in t r od u ced in [M i85].

p ::= _ (wildcard )

 v (variable )

 c (constan t)

 (p 1 , . . . , pn) (tuple of patter ns)

 k p ′ (constru ctor k applied to patter n p ′ )

A ll t h e va r ia b le s a pp e a r in g in a pa t t e r n h a ve t o be d ist in ct a n d t h e y a r e con sid e r e d t o b e bou n d by

t h e ir a p pe a r a n ce in t h e pa t t e r n . T h e scop e of su ch bin d in gs is t h e bo d y e xp r e ssio n a sso cia t e d wit h

t h e pa t t e r n in it s r u le . P a t t e r n s a lso h a ve t o b e we ll-t yp e d , wh ich pu t s f u r t h e r r e st r ict io ns on t h e ir

f or m a t io n . F o r in st a n ce, cons ( 3) is n ot we ll-t yp e d , wh ile cons (x) is we ll t yp e d a n d im p lie s t h a t

t h e t yp e of t h e bo u n d va r ia ble x is τ * τ list f or so m e a pp r o pr ia t e t yp e τ ( n o t e t h a t t h e a r gu m e n t of

E a r ly G r e ek le t t e r s lik e α a r e u se d a s t ype pa r a m e t e r s a n d t ype con st r u ct or s lik e list a r e a lwa ys wr it t e n a s po st f ix
op er a t or s.
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cons d oe s n ot h a ve t o be a n e xp licit pa ir ) .

T h e p a t t e r n s m a t ch va lu e s wh ich a r e t r e e -sh a p e d d a t a st r u ct u r e s f o r m e d by t h e app lica t io n of

con st r u ct o r s a n d t u pl in g t o a t o m ic va lu e s. T h u s va lu e s ca n be t h ou gh t of a s h a vin g a n a b st r a ct

t e r m st r u ct u r e , a n d we will ca ll t h e m value terms t o e m ph a sise t h is vie w. T h e ir a b st r a ct syn t a x is

a n a lo go u s t o t h a t of pa t t e r n s:

t ::= atom (atomic value )

 c (constan t)

 (t 1 , . . . , tn) (tuple of terms )

 k t ′ (constru ctor k applied to term t ′ )

Matching criter ion for a single pattern

T h e d e f in it io n o f wh e n a p a t t e r n m a t ch e s a va lu e t e r m is st r a igh t f or wa r d a n d ca n b e

e xp r e sse d f o r m a lly in t e r m s of st r u ct u r a l in d u ct io n o n t h e pa t t e r n . I t is u se f u l t o d e f in e a m or e

r e f in e d n o t io n o f agreem ent between a patter n and a value term on a subterm. I n f o r m a lly, a p a t t e r n

a gr e e s wit h a va lu e t e r m o n a su bt e r m ( of t h e va lu e t e r m ) if f t h e y h a ve t h e sa m e st r u ct u re ( con -

st r u ct or or t u p le -a r it y) a t e a ch n o d e a lo n g t h e p a t h f r o m t h e r o ot t o t h e su b t e rm ( in clu sive ) .

E xa m pl e 2 illu st r a t e s t h is con ce pt .

Examp le 2. C o n sid e r t h e va lu e t e r m t = (true, cons ( 1, nil) ) a n d t h e f oll ow in g se q u e n ce o f

pa t t e r n s of t yp e (bool * (α list) ) :

( 1) p 1 = (true, _)

( 2) p 2 = ( false, nil)

( 3) p 3 = ( false, cons (x, nil) )

( 4) p 4 = ( false, cons (y, z) )

p 1 a gr e e s wit h t on it s f ir st com po n e n t be ca u se t h e y b ot h h a ve true a s f ir st com po n e n t , wh e r e a s p 2 ,

p 3 a n d p 4 d o n ot . p 1 a lso a gr e e s wit h t on it s se con d com p on e n t be ca u se wild ca r d m a t ch e s a n d

t h e r e f o r e a gr e e s wit h a n y va lu e t e r m . p 3 a n d p 4 bo t h h a ve a se con d com po n e n t of t h e f o r m

cons p ′ a n d t h e r e f or e a gr e e wit h t on t h is su bt e r m . T h e y a lso a gr e e wit h t on bo t h a r gu m e n t s of

cons ( va r ia b le s m a t ch a n d t h e r e f or e a gr e e wit h a n y va lu e t e r m ) .

F or m a lly, give n a p a t t e r n p a n d a va lu e t e r m t, p agree s with t on a subter m t * of t if a n d on ly

if o n e of t h e f o llo win g con d it io n s is t r u e :

• p = _ ( wild ca r d ) .

• p is a va r ia bl e .

• p = c, wh e r e c is a con st a n t , a n d t = c.

• p = (p 1 , . . . , pn) , t = (t 1 , . . . , tn) , a n d t * = t.

• p = (p 1 , . . . , pn) , t = (t 1 , . . . , tn) , t * is a su bt e r m of tj , f o r so m e j su ch t h a t 1 ≤ j ≤ n, a n d

pj a gr e e s wit h tj on t h e su bt e r m t * .
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• p = k p ′ a n d t * = t = k t ′ .

• p = k p ′ , t = k t ′ , t * is a su bt e r m of t ′ a n d p ′ a gr e e s wit h t ′ on t * .

C le a r ly a p a t t e r n p m a t ch e s a t e r m t if a n d on ly if p a gr e e s wit h t on a ll t h e su bt e r m s o f t. A

pa t t e r n d o e s n ot n e e d t o be of e xa ct ly t h e sa m e t yp e a s a va lu e in or d e r t o m a t ch it . I n f a ct , p of

t yp e τ m a y m a t ch t of t yp e σ if a n d on ly if σ is a n in st a n ce of τ i. e . , σ ≤ τ.

Matching criter ion for a sequence of patterns: the matc hing problem

A m a t ch in g p r o ble m con sist s of a f in it e se q u e n ce of pa t t e r n s p 1 , . . . , pn of t yp e τ a n d a

va lu e t e r m t of t yp e τ′ wh e r e τ′ ≤ τ. T h e sol u t io n is t h e f ir st pa t t e r n in t h e se q u e n ce

wh ich m a t ch e s t, if o n e e xist s. I f n on e o f t h e pa t t e r n s m a t ch e s t, t h e m a t ch in g pr ob le m

h a s n o so lu t ion .

4. Decis ion trees and the dispatching problem

A f u n ct ion in cla u sa l f or m a n d a pa r t icu la r a r gu m e n t va lu e d e t e r m in e a m a t ch in g p r o ble m

con sist in g o f t h e pa t t e r n se q u e n ce f r om t h e f u n ct ion ’ s r u le s a n d t h e va lu e t e r m r e p re se n t e d by t h e

a r gu m e n t . T h e M L syst e m m u st sol ve t h is m a t ch in g pr ob le m in t h e cou r se o f e va lu a t in g t h e f u n c-

t ion a pp lica t io n . T h e m o st st r a igh t f or wa r d a pp r o a ch wo u ld be t o a t t e m pt t o m a t ch t h e a r gu m e n t

wit h e a ch p a t t e r n in t u r n ( u sin g t h e ob vio u s t op -d ow n m a t ch in g r ou t in e ) , st a r t in g o ve r af t e r e ve r y

f a ilu r e . T h is a lgo r it h m is q u it e in e f f icie n t sin ce t h e in f o r m a t ion ga in e d a b ou t t h e st r u ct u re o f t h e

a r gu m e n t in e a ch pa r t ia lly su ccessf u l m a t ch is d isca r d e d be f or e d oin g t h e n e xt m a t ch . W e pr op os e

in st e a d t o a n a lyze t h e wh o le se q u e n ce of pa t t e r n s a t com pi le t im e a n d ge n e r a t e e f f icie n t r u n -t im e

m a t ch in g cod e . E f f icie n cy d e pe n d s o n a vo id in g ba ck t r a ck in g, a n d ca r e f u lly ch o os in g t h e or d e r in

wh ich t o e xp lo r e t h e a r gu m e n t so a s t o d e t e r m in e t h e cor r e ct m a t ch in g pa t t e r n wit h a s lit tle e f f or t

a s p os sib le (i. e. t h e sm a lle st n u m be r o f ca se d iscr im in a t io n t e st s) . E xa m pl e 2 e xh ib it s t h e e f f e ct of

t h e or d e r o f su b t e r m t e st in g o n t h e e f f icien cy o f t h e m a t ch in g p r o cess .

Examp le 2 (contin ued). W e con sid e r a ga in t h e t e r m t = (true, cons ( 1, nil) ) a n d t h e

se q u e n ce of pa t t e r n s o f E xa m p le 2:

( 1) p 1 = (true, _)

( 2) p 2 = ( false, nil)

( 3) p 3 = ( false, cons (x, nil) )

( 4) p 4 = ( false, cons (y, z) )

W e wa n t t o f in d wh ich p a t t e r n o f t h e se q u e n ce m a t ch e s t, i. e. , t h e f ir st pa t t e r n t h a t a gr e e s wit h t

on a ll it s su b t e r m s. T o d o t h is, we m u st com pa r e t h e su b t e r m s of t wit h su b pa t t e r n s, a n d t h e r e a r e

d if f e r e n t o r d e r s in wh ich t h is ca n be pe r f or m e d . W e ca n st a r t t e st in g o n t h e f ir st com p on e n t o r o n

t h e se con d com po n e n t o f t h e t u p le t. S u pp ose we st a r t t e st in g on t h e f ir st on e . W e f in d t h a t p 1 is

t h e on ly p a t t e r n wh ich a gr e e s wit h t on it s f ir st com po n e n t . A n d sin ce t h e se con d com po n e n t of p 1

is _ ( wild ca r d ) wh ich m a t ch e s e ve r yt h in g, n o f u r t h e r t e st h a s t o be pe r f or m e d t o e st a b lish t h a t p 1

is t h e so lu t io n o f t h is m a t ch in g p r o ble m . A n o t h e r po ssib ilit y wo u ld be t o st a r t t e st in g on th e se con d
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com p on e n t o f t in st e a d . T h is d isca r d s p 2 wh os e se con d com p on e n t d o e s n o t a gr e e wit h cons. W e

a r e le f t wit h p a t t e r n s p 1 , p 3 a n d p 4 . N ow , t h e r e a r e t h r e e t e st s t h a t ca n p os sib ly b e pe r f or m e d :

t e st on t h e f ir st com po n e n t o f t, on t h e f ir st com po n e n t o f t h e a r gu m e n t of cons or o n t h e se con d

com p on e n t o f t h e a r gu m e n t o f cons. T h e t e st on t h e f ir st com po n e n t o f t st ill le a d s im m e d ia t e ly t o

t h e d e sir e d so lu t ion . T h e t e st s on t h e a r gu m e n t s o f cons a r e u se le ss : t h e y d o n ot h e lp d isca r d in g

a n y p a t t e r n b e ca u se p 1 , p 3 a n d p 4 a ll a gr e e wit h t on t h e se su bt e r m s. W e will sa y t h a t t h e se t e st s

a r e ir r e le va n t t o p 1 , p 3 a n d p 4 ( se e se ct io n 5) .

W e d e scr ibe ou r go a l a s f oll ow s.

The dispatc hing problem (1)

G ive n a se q u e n ce of pa t t e r n s p 1 , . . . , pn of t yp e τ, f in d o u t in wh ich or d e r t h e su bt e r m s

of a n y p oss ibl e t e r m t of t yp e τ′ (τ′ ≤ τ) h a ve t o be e xa m in e d t o d e t e r m in e wit h t h e

m in im u m n u m be r o f t e st s on t h e su b t e r m s of t, wh ich p a t t e r n pi ( 1 ≤ i ≤ n) is t h e

sol u t io n t o t h e m a t ch in g p r o ble m d e f in e d b y p 1 , . . . , pn a n d t.

W h e n com pi lin g a f u n ct io n in cla u sa l f o r m , we bu ild a decision tree wh ich d e t e r m in e s t h e

or d e r in wh ich su b t e r m s of a n y t e r m a r e t o be e xa m in e d t o f in d t h e f ir st p a t t e r n th a t m a t ch e s t h a t

t e r m . W e a t t e m pt t o m a k e t h is d e cision t r e e o pt im a l or m in im a l, in t h e se n se t h a t t h e o r de r

im p os e d on su bt e r m -t e st in g is su ch t h a t t h e m a t ch in g p a t t e r n ca n b e f ou n d wit h a m in im u m

n u m b e r of t e st s. E a ch n o d e o f a d e cision t r e e r e p r e se n t s a t e st t h a t ca n be ca r r ie d o u t on a su b -

t e r m d iscr im in a t in g b e t we e n con st r u ct or ca se s. T h e b r a n ch e s com in g o u t of a n od e cor r e sp on d t o

t h e po ssib le r e su lt s of t h e t e st p e r f o r m e d a t t h a t n od e (i. e. po ssib le con st r u ct or s f o r t h a t su bt e r m ,

wh ich a r e d e t e r m in e d by t h e t yp e of t h e su bt e r m ) . E a ch b r a n ch is la be le d wit h a t yp e con st u ct or

a n d a se t of pa t t e r n in d ices r e pr e se n t in g t h e pa t t e r n s t h a t we r e st ill p oss ibl y m a t ch in g ( ‘ ‘live ’ ’ )

be f o r e t h e t e st a n d t h a t h a ve t h is con st r u ct or a s r e su lt of t h e t e st . A t r u n -t im e , wh e n a va lu e t e r m

h a s t o be m a t ch e d a ga in st o n e of t h e p a t t e r n s, t h e cod e e xe cu t e d cor r e sp on d s t o go in g d o wn t he

d e cision t r e e f r om t h e r oo t t o on e o f t h e le a ve s, e xe cu t in g t h e t e st s cor r e sp o n d in g t o t h e t e st -n od e s

a lo n g t h e p a t h . F igu r e 1 e xh ib it s t h e op t im a l d e cision t r e e f o r t h e m a t ch give n in E xa m ple 2.

{ 4}

con s n il

{ 3}

2. 2{ 2}

{ 1}

{ 3, 4}

1

2

f a lse

con s n il

t r u e

{ 2, 3, 4}

{ 1, 2, 3, 4}

- Figure 1 -
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A d e cision t r e e is e it h e r a n e m p t y t r e e o r a t e st -n od e . E a ch t e st -n od e ca r r ie s t wo k in d s of in f or -

m a t io n : a n id e n t if ica t ion of t h e su b t e r m o f a va lu e t e r m o n wh ich t h e t e st is t o be ca r r ie d ou t ( t h e

n u m b e r s in t h e n od e s on F igu r e 1) a n d a se t con t a in in g t h e in d ice s o f t h e p a t t e r n s wh ich h a ve n o t

be e n d isca r d e d ye t a t t h is p oi n t in t h e t r e e ( t h e se t s a t t a ch e d t o t h e n od e s on t h e f igu re ) . E a ch

br a n ch com in g ou t of a t e st -n od e is la be lle d wit h con st r u ct or s o f t h e t yp e o f t h e su b t e r m t o wh ich

t h e t e st a pp lie s. N o con st r u ct or ca n a pp e a r o n m o r e t h a n on e b r a n ch com in g o u t o f a t e st -n od e .

A le a f is a n od e t h a t ca r r ie s e it h e r a sin gle t on con t a in in g t h e in d e x of t h e p a t t e r n wh ich is id e nt i-

f ie d a s t h e m a t ch in g p a t t e r n b y t h e se q u e n ce of t e st s cor r e sp o n d in g t o t h e pa t h fr om t h e r oo t t o it

if su ch a pa t t e r n e xist s, o r a n e m pt y se t .

T h e d e cision t r e e of a se q u e n ce o f p a t t e r n s is a n e m pt y t r e e if t h e se q u e n ce is e m pt y o r if it

h a s on ly on e r u le wit h a p a t t e r n e q u a l t o wild ca r d o r a va r ia b le ( i. e . , n o t e st is n e ce ssa r y t o p e r -

f or m a m a t ch in g) . O t h e r wise , it is a t e st -n o d e h a vin g a t t a ch e d t o it t h e se t o f in d ice s of a ll t he

pa t t e r n s in t h e se q u e n ce.

A minimal decisio n tree is a d e cision t r e e wh ich h a s t h e m in im u m po ssib le n u m be r o f t e st -

n od e s.

T h e d isp a t ch in g pr ob le m ca n b e r e f or m u la t e d a s f o llo ws :

The dispatc hing problem (2)

Bu ild a n op t im a l d e cision t r e e f o r a give n se q u e n ce o f p a t t e r n s p 1 , . . , pn of t yp e τ.

Theorem: T h e d isp a t ch in g p r o ble m is N P- com ple t e .

T h e p r o of u se s r e d u ct io n f r o m t h e pr u n e d O -t r ie spa ce m in im iza t io n p r o bl e m d e scr ib e d in [C o7 6,

C S 77]. T h is r e su lt m ot iva t e s u s t o loo k f or pr a ct ica l h e u r ist ics f o r bu ild in g d e cision t r e e s.

5. Heuristic approach

S u p po se we a r e give n a se q u e n ce o f p a t t e r n s p 1 , . . . , pn a n d we wish t o b u ild t h e a sso cia t e d

op t im a l d e cision -t r e e . T h is e f f e ct ive ly in vo lve s ch o os in g f o r a n y give n va lu e t e r m t, t h e o r d e r in

wh ich su bt e r m s of t h a ve t o b e t e st e d . T h e su bt e r m -t e st in g o r d e r ca n b e d if f e r e n t f or d if f e r e n t

t e r m s.

I n o r d e r t o ge t a n o pt im a l d e cision -t r e e , we h a ve t o se le ct , a t e ve r y st a ge of t h e t o p- d o wn

con st r u ct io n , t h e b e st t e st -n o d e a m on g a se t o f p os sib le t e st s. A s in d ica t e d b y t h e N P-co m p le t e ne ss

of t h e d isp a t ch in g p r o bl e m , su ch a se a r ch le a d s t o a n e xp o n e n t ia l e xp lo sio n of t h e com pu t a t ion .

T h e r e f or e t h e se le ct io n o f a t e st u se s h e u r ist ics a n d a ct u a lly p r od u ce s t h e h e u r ist ica lly o pt im a l t e st .

I n t h is se ct io n we d e scr ibe a se q u e n ce of h e u r ist ics t h a t h a ve b e e n f ou n d t o pr od u ce o pt im a l tr e e s

in a lm os t a ll ca se s. T h e r e le va n ce h e u r ist ic is a pp lie d t o t h e o r igin a l se t o f p os sib le t e st s. I f it

su ccee d s in iso la t in g on e t e st , t h e se a r ch e n d s, o t h e r wise , t h e b r a n ch in g f a ct o r h e u r ist ic is a p pl ie d

t o t h e t e st s con sid e r e d e q u iva le n t ly o pt im a l by t h e r e le va n ce h e u r ist ic. I f t h e b r a n ch in g f a ct o r

h e u r ist ic d oe s n ot iso la t e a t e st , t h e n t h e a r it y f a ct or h e u r ist ic is a pp lie d t o t h e se t of t e st s con -

sid e r e d e q u iva le n t u n d e r t h e pr e vio u s h e u r ist ic.

The relev ance heuristic
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T h is h e u r ist ic t e n d s t o m in im ize t h e d e cision -t r e e a n d a lso t h e m a t ch in g t im e b y t a k in g

a d va n t a ge o f t h e f a ct t h a t we d e a l wit h se q u e n ces r a t h e r t h a n se t s o f p a t t e r n s a n d t h a t if t wo pa t -

t e r n s ov e r la p , t h e o n e wit h t h e lo we st in d e x is pr e f e r r e d . E xa m pl e 3 illu st r a t e s t he id e a .

Examp le 3. W e con sid e r t h e f oll ow in g p a t t e r n s o f t yp e (α list * α list) .

( 1) (nil, x)

( 2) (y, nil)

T h e r e a r e on ly t wo p oss ib le d e cision -t r e e s f or t h is se q u e n ce ( se e F igu r e s 2 a n d 3) d e pe n d in g on

wh e t h e r o n e st a r t s t e st in g o n t h e f ir st o r o n t h e se con d com po n e n t o f t h e a r gu m en t .

2

1 { 1, 2}

n il con s

n il con s

{ 1}

{ 2} { }

{ 2} { 1, 2}

2

1 1

n il

n il con s n il con s

{ 2} { 1} { }

con s

{ 1}

{ 1}

{ 1, 2}

- Figure 2 - - Figure 3 -

T h e t r e e o n F igu r e 2 h a s t wo d e cision -n od e s wh e r e a s t h e on e o n F igu r e 3 h a s t h r e e su ch n od e s, so

t h e f o r m e r is o pt im a l. Pa t t e r n ( 1) m a t ch e s a n y va lu e t e r m wh ich h a s nil a s f ir st com po n e n t wh a t -

e ve r t h e se con d com po n e n t is. P a t t e r n ( 2) m a t ch e s a ll t h e va lu e t e r m s h a vin g nil a s se con d com -

po n e n t a n d wh ich a r e n ot m a t ch e d b y ( 1) . T h e r e f or e , it is be t t e r t o st a r t t e st in g o n t h e f ir st com -

po n e n t wh ich will m or e q u ick ly iso la t e p a t t e r n ( 1) a s a le a f o f t h e d e cision -t r e e . W e will sa y th a t

t h e t e st o n t h e se con d com p on e n t is not releva nt t o p a t t e r n ( 1) be ca u se p a t t e r n ( 1) a p pe a r s o n a ll

t h e br a n ch e s com in g ou t o f t h a t t e st -n od e . T h e t e st on t h e f ir st com po n e n t o f t h e t u p le is re le va n t

t o p a t t e r n ( 1) bu t n o t t o pa t t e r n ( 2) . T h e t e st on t h e se con d com po n e n t is r e le va n t t o p a tt e r n ( 2)

bu t n o t t o pa t t e r n ( 1) . S in ce we d e a l wit h se q u e n ces o f p a t t e r n s, we t r y t o se le ct t h e t est s t h a t a r e

r e le va n t t o pa t t e r n s o f lo we r in d e x f ir st .

A t e st on a su b t e r m is releva nt t o a pa t t e r n pi if a n d on ly if pi d oe s n ot a gr e e wit h a ll t h e

po ssib le va lu e s o n t h a t su bt e r m . I n t e r m s of d e cision -t r e e s, a t e st o n a su b t e r m is r e le va n t t o a

pa t t e r n pi if a n d on ly if i d oe s n ot a p pe a r in t h e se t o f live r u le in d ice s wh ich la be l e a ch su ccesso r

of t h a t t e st . G ive n a se t of po ssib le t e st s tset a n d a se t of live r u le in d ice s rset, t h e r e le va n ce

h e u r ist ic se a r ch e s f or t h e le a st in d e x i in rset su ch t h a t a t le a st on e t e st in tset is r e le va n t t o pi . I f

t h e r e is n o su ch in d e x, n o t e st in tset is r e le va n t t o a n y pa t t e r n in rset a n d o n e h a s r e a ch e d a le a f

of t h e t r e e . O t h e r wise , on e com pu t e s t h e su b se t trel of tset con t a in in g t h e t e st s t h a t a r e r e le va n t t o

pi . I f trel is a sin gle t o n , it s e le m e n t is t h e n e xt d e sir e d n e xt t e st . O t h e r wise , t h e n e xt h e u r ist ic

se le ct io n is a p pl ie d on trel.
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The branching facto r heuristic

T h e b r a n ch in g f a ct o r h e u r ist ic t r ie s t o m in im ize t h e n u m b e r of t e st -n o d e s by f a vo rin g t h e

ch oice o f t e st s wit h lo w b r a n ch in g f a ct or f ir st . T h e in t u it io n b e h in d t h is is t h a t t h e d e cisio n -t r e e

will e n d u p wit h f e we r in t e r n a l n od e s if t h e n o d e s se le ct e d f ir st ( i. e . , close r t o t h e r oot ) h a ve lo we r

br a n ch in g f a ct or ( i. e . , low e r n u m be r o f su ccesso r s) . E xa m p le 4 illu st r a t e s t h e id e a .

Examp le 4. W e con sid e r t h e f oll ow in g se q u e n ce o f p a t t e r n s of t yp e (bool * color ) wh e r e

color is a con cr e t e t yp e d e f in e d by : type color = red  blue  green.

( 1) (true, green)

( 2) ( false, green)

F igu r e s 4 a n d 5 e xh ibi t t h e t wo po ssib le d e cision -t r e e s f o r t h is se q u e n ce of pa t t e r n s.

1

2 { 1, 2}

r e d /b lu e gr e e n

t r u e f a lse

{ }

{ 1} { 2}

{ 1, 2} { 1}

1

2 2

t r u e

r e d /b lu e gr e e n r e d /b lu e gr e e n

{ 1} { } { 2}

f a lse

{ }

{ 2}

{ 1, 2}

- Figure 4 - - Figure 5 -

E ve n t h o u gh t h e color t yp e h a s t h r e e p oss ib le con st r u ct o r s, on ly o n e o f t h e m , green, is p r e se n t in

t h e se q u e n ce o f pa t t e r n s a n d t h e r e m a in in g on e s a r e n ot cove r e d b y a n y pa t t e r n ( th e r e is n o p a t -

t e r n wit h a va r ia bl e o r wild ca r d a s t h a t su b t e r m ) . T h is se q u e n ce is ob vio u sly n o t e xh a u st ive . T h e

e f f e ct ive br a n ch in g f a ct or of t h e t e st o n t h e se con d com po n e n t o f t h e t u p le is o n e . T h e re a r e t wo

con st r u ct o r s of t h e t yp e bool (true a n d false) a n d t h e y a r e b ot h pr e se n t in t h e se q u e n ce. S o t h e

br a n ch in g f a ct or of t h a t t e st is t wo . F igu r e 4 sh ow s t h e op t im a l d e cision -t r e e . I t s r o ot is a t e st on

t h e se con d com po n e n t o f t h e t u p le i. e . , t h e t e st wit h t h e le a st br a n ch in g f a ct o r .

T h e cr it e r ion we im p le m e n t e d f o r t h is h e u r ist ic se le ct io n e n com pa sse s n ot on ly t h e br a n ch in g

f a ct o r b u t a lso so m e in f o r m a t io n wh ich t e n d s t o f a vo r t e st s on su bt e r m s wh e r e n o p at t e r n a gr e e s

wit h a ll va lu e s ( i. e . , h a s a va r ia b le or wild ca r d a s t h a t su bt e r m o r a s a m o r e ge n e r a l su b t e r m ) .

T h is r e lie s on t h e id e a t h a t wh e n a p a t t e r n a gr e e s wit h a ll va lu e s on a pa r t icu la r su bt e r m , t he t e st

on t h is su bt e r m is ir r e le va n t t o t h e pa t t e r n a n d pe r f or m in g it d o e s n o t h e lp d iscr im in a t in g th e pa t -

t e r n . T h e f u ll pa pe r will give a m or e d e t a ile d d e scr ip t io n o f h ow t o e va lu a t e t h e cr it e r io n use d by

t h is h e u r ist ic.

The arity facto r heuristic

T h e arity factor of a t e st o n a su bt e r m o f t yp e τ is e q u a l t o t h e su m o f t h e a r it ie s of t h e con -

st r u ct or s wh ich a p pe a r a t le a st on ce in t h e cor r e spo n d in g su bt e r m o f a pa t t e r n in t h e se q u e n ce.
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O u r st r a t e gy con sist s in se le ct in g t e st s wit h low a r it y f a ct or f ir st . T h is cor r e sp on d s in t u it ive ly t o

m in im izin g t h e p ot e n t ia l br a n ch in g of t h e t r e e a n d on ce a ga in in t r yin g t o p u t o f f t h e se le ct io n o f

n od e s wit h h igh b r a n ch in g, t h e r e f or e m in im izin g t h e n u m be r o f t e st -n o d e s in t h e t r e e .

6. Conclusions

T h e p r o ble m of pa t t e r n m a t ch in g is cr u cia l t o t h e e f f icien cy of f u n ct io n ca lls in M L , a n d

t h e r e f o r e it is cr it ica l t o t h e e f f icie n cy of t h e la n gu a ge a s a wh ole . A lt h ou gh t h e N P- com ple t e n e ss

r e su lt in d ica t e s t h e in t r in sic d if f icu lt y of a com p le t e a n a lysis of a se t o f p a t t e r n s, we h a ve f ou n d

t h a t in pr a ct ice t h e h e u r ist ica lly ba se d m e t h o d s d e scr ib e d h e r e wo r k e xt r e m e ly we ll. T h e a lgo r it h m

e m bo d yin g t h e se h e u r ist ics h a s be e n e xt e n sive ly t e st e d a n d will b e in cor p or a t e d in a n e w M L com -

pile r b e in g d e ve lo pe d b y o n e of t h e a u t h or s.

F u t u r e wo r k o n t h is pr ob le m will b e d ir e ct e d t o r e f in in g o u r a n a lysis o f t h e b e h a vio r o f t he

h e u r ist ics a n d a cq u ir in g st a t ist ica l e vid e n ce of t h e ir e f f e ct ive n e ss in a n a ct u a l com p ile r . T h er e a r e

se ve r a l po ssib le ge n e r a liza t io n s of t h e m a t ch in g pr ob le m t o wh ich t h e se m e t h od s cou ld b e a p plie d ,

in clu d in g n on lin e a r a n d con d it io n a l p a t t e r n m a t ch in g.
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